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ABSTRACT
String propagation on a cone with decit angle 2(1 
1
N
) is described by constructing
a non-compact orbifold of a plane by a Z
N
subgroup of rotations. It is modular invariant
and has tachyons in the twisted sectors that are localized to the tip of the cone. A
possible connection with the quantum corrections to the black hole entropy is outlined.
The entropy computed by analytically continuing in N would receive contribution only
from the twisted sectors and be naturally proportional to the area of the event horizon.





Based on an invited talk presented at the `Second International Colloquium on Modern
Quantum Field Theory' at Tata Institute for Fundamental Research, Bombay, January 1994.
1. Introduction
In this paper we discuss the propagation of strings on a conical space. The chief
motivation for this work stems from its possible application to computing the entropy of a
black hole in string theory. Several authors have found that the rst quantum correction to
the entropy of a black hole has an ultraviolet divergence in eld theory. It is a fascinating
question whether this quantity is nite in a perturbatively nite theory of gravity such as
string theory. In canonical quantum gravity, an ecient way to compute the entropy is
via Euclidean path integral. The divergent contribution to the entropy comes from eld
modes near the horizon of the black hole which in Euclidean space corresponds to the tip
of a cone. In order to understand this leading contribution, the details of the geometry of
a specic black hole can be ignored and it is adequate to consider eld propagation in a
conical space. We would like to do something similar in string theory. This work should
be regarded as a step in that direction. For special values of the decit angle of the cone,
it is easy to construct the corresponding string theory as a Z
N
orbifold of the theory in
at space. We describe this construction in the next section. These orbifolds can also be
viewed as describing string propagation in the background of a cosmic string. We shall
also see some evidence for duality in a new guise. Moreover, for large N, there are nearly
massless tachyons in the spectrum that are localized to the tip of the cone. These could
be useful for studying the tachyon instability in string theory.
We shall now describe some basic aspects of black-hole entropy that will be important
in the following discussion. There are two distinct notions of the entropy associated with
a black hole. The Bekenstein-Hawking entropy is calculated using thermodynamics and
quantum eld theory in a xed, classical background of a black hole [1,2]. The Gibbons-
Hawking entropy, on the other hand, is obtained from the full functional integral for
quantum gravity [3]. Remarkably, the two derivations give the same expression for the









where A is the area of the event horizon of the black hole and G is Newton's constant.
The Gibbons-Hawking entropy is calculated by evaluating the functional integral around
a saddle point which represents the Euclidean continuation of the Schwarzschild solution.
1
It is natural to ask about the quantum corrections to this leading semiclassical approxi-
mation by considering the quantum uctuations of the various elds in the Schwarzschild
background. 't Hooft [4] has pointed out that the contribution to the entropy coming from
the eld modes very near the horizon is divergent. Susskind and Uglum [5] have found a
similar divergence in Rindler spacetime . There is a simple explanation of this divergence.
A ducial observer that is stationed at a xed radial distance from the black hole, has
to accelerate with respect to the freely falling observer in order not to fall into the black
hole. The geometry of a large black hole is well approximated by Rindler spacetime for
the ducial observer very near the horizon. As a result, she sees a thermal bath [6] at a
position-dependent proper temperature T (z) =
1
2z
where z is the proper distance from














Note that we have been able to dene the entropy density because entropy is an extrinsic
quantity as it should be. However, the dominant contribution comes from the region near
the horizon z = 0 and is not extrinsic but proportional to the area. If we put a cuto on












where A is the area in the transverse dimensions. This is in agreement with the result
obtained in [4,5] by other means. Because the thermal bath is obtained by tracing over
states that are not accessible to the observer in the Rindler wedge, this entropy is also the
same as the `entropy of entanglement' [7,8,9,10] or the `geometric entropy' [11,12].
It is rather disturbing that we have to deal with very high energy modes while describ-
ing physics in regions of low curvature. Conventional wisdom about eective eld theories
would suggest that it should be possible to have an eective description completely in
terms the low energy modes. This would be the case if this divergence could somehow be
renormalized as claimed by [5]. On the other hand, if high energy modes are indeed an
2
intrinsic part of the description, then one must go beyond quantum eld theory even in
regions of low curvature. In order to decide which of the two possibiliites is realized it is
essential to compute the entropy in a nite theory like string theory. In canonical gravity,
there is a general method of computing the entropy of a black hole using Euclidean path
integral over a conical space. As we shall see in section three, the analogous formula in













is the vacuum amplitude at G loop in string perturbation theory on a conical
space with decit angle  = 2(1  
1
N
). A major obstacle in using this formula is that
the conical background in general does not satisfy the equations of motion because there
is curvature singularity at the tip of the cone. In canonical gravity we can get around
this problem because we have the second quantized formalism available to us. We can
incorporate a Lagrange multiplier in the functional integral [13] to obtain a saddle point
even after introducing the curvature singularity. In string theory, we do not know how to
do this because we do not have an o-shell formulation of the theory. Luckily, in string
theory, for special values of the decit angle  = 2(1  
1
N
) with integer N , the theory
manages to be on-shell by itself. We would like to use this fact to obtain the entropy by
analytically continuing in N . Similar suggestion has been made also in [12]. We do not
yet have a complete expression for the entropy and we wish to return to it in a subsequent
publication [14]. However, the entropy computed this way already appears to have several
desirable features. Moreover, a number of technical issues arise in the construction of the
orbifold that are interesting in their own right. With this objective in mind, in the next
section we describe the propagation of strings on a cone for integer N . In section three,
we discuss its relation to the computation of entropy.
2. Strings on a Cone
We rst construct the bosonic orbifold from the uncompactied string theory in









is a cone with decit angle 2(1  
1
N
). We can further compactify some of the
3
dimensions of the M
24
if we so desire. The details of compactication will not be im-
portant. For non-integer N, this background is not a solution to the string equations of
motion because when a string encounters the curvature singularity at the tip of the cone,
it would develop a kink. For integer N, however, we can have consistent propagation of
strings despite the curvature singularity.
Fig. 1: Congurations on the plane that dene consistent string congurations on
the cone with decit angle
4
3
. The solid and the dashed lines indicate strings with
zero and nonzero winding number around the tip of the cone respectively.
In this case, we can tile the entire plane with N copies of the cone. The congurations
on the plane that are symmetric under Z
N
rotations dene consistent string congurations
on the cone [see g. 1]. We can then regard K
N





Notice that unlike the orbifolds considered in string compactication we are interested in
an orbifold of a non-compact space. If instead of R
2
we consider a compact space like a
torus [16], then we cannot take N to be arbitrary and the allowed orbifold groups are very
limited. Moreover, in that case, there are more than one points with a conical singularity
and the orbifold only locally looks like a cone.
The Hilbert space of the orbifold is obtained by rst considering the theory on the
plane which is conformal and modular invariant and then projecting onto Z
N
invariant
states. As is well known, we also have to include the twisted string states because the
winding number on the plane around the tip of the cone is conserved only modulo N






















. In the untwisted sector this eld has the standard mode expansion:





















and the ground states are labelled by the momenta in the plane jp; pi. The spectrum
before projection is the same as the twenty-six dimensional string and consists of states
with some number of creation operators acting on the ground states. For states with
nonzero p and p, the projection onto Z
N
invariant states reduces the spectrum by a factor
of N . For example, for N = 3, the states 
 n






























pi). Thus, on a Z
N
cone, we still have the
same set of particles in the untwisted sector as in at space, except that the allowed
combinations of momenta are reduced N-fold. The zero momentum states, however, need
to be treated dierently. In this case, only those combinations of creation operators that
are invariant under Z
N
rotations are allowed. For example, 
 n






j0; 0i is allowed. As we shall see, it is the zero momentum sector that mixes with
the twisted sectors under modular transformations. In the twisted sectors, the boson is
subject to the boundary condition X( + ;  ) = e
2ik
N
X(;  ), k=0,: : : , N-1. The mode


































































The zero point energy for the
k
N












22 untwisted bosons contribute
 11
12
. Consequently, we have N   1 tachyons, one in each






)   8 . Note that there are no zero modes in
the expansion (2.2) . As a result, these tachyons are localized to the tip of the cone but
can have momenta in the remaining 24 dimensions.
The vacuum amplitude for the cone is not very dierent from the one in at space.







































































5 v . The volume factor L
26
comes
from the zero modes of the scalar Laplacian, one power for each real boson. det
0
is the
determinant only over nonzero modes. In the orbifold theory, one inverse power of the
determinant in (2.3) coming from one complex free boson and two powers of L coming
from the zero modes, get replaced by the orbifold partition function Z(N) for the eld X,
at genus G.
It is easy to write down the one-loop partition function explicitly. The world-sheet at
one loop is a torus. The metric for a torus in a given conformal class is parametrized by












< 1. The partition









represents the path integral of a complex boson on a torus with twisted








) of the scalar Laplacian on a torus subject to the boundary conditions
X(
1
































) which is the determinant (strictly speaking Pfaan) of a chiral Dirac op-
erator. This will also be useful later when we discuss the superstring. It can be regarded
as a path integral of a complex chiral fermion with boundary condition  (
1



















). It is straightforward to evaluate
this determinant in the operator formalism. Writing q = e
2i
, and using the standard































































, and H is the usual Fock space representation of these commutations.
The group Z
N







































































where ( ) is the Dedekind  function.
Now we return to the problem at hand. Up to zero modes, the chiral boson determi-































The bosonic zero modes can give a divergence for some of these terms such as Z
0;0
, and
should be treated more carefully. For the moment, we shall continue to treat them in a
somewhat cavalier manner.








) = Im . Using the






























(1 + h + h
2
+ : : : + h
N 1
). The area here refers to the volume
L
24
of the transverse dimensions. The integration is over the genus-one moduli spaceM
1
which is the fundamental domain of the modular group






; Im > 0 : (2:11)
The modular group SL(2;Z )=Z
2
for the torus is the group of disconnected dieomorphisms.












) with a; b; c; d integers
7
and ad  bc = 1, transform the metric into a conformally inequivalent metric parametrized









 SL(2;Z ): (2:12)
We have to divide the SL(2;Z ) by Z
2
because the elements f1I; 1Ig leave  unchanged. In
order that the theory does not suer from global dieomorphism anomaly, it is necessary
that the integrand in the amplitude (2.10) be invariant under the action of the modular

































































Using these properties it is easy to check that (2.10) is modular invariant, and the modular
integration can be restricted to the fundamental domain (2.11) .
Let us now move on to the superstring. For simplicity we consider the nonchiral




. It will be easiest to use the Green-Schwarz
formalism. We x the light-cone gauge by using two of the directions in M
8
and obtain
the remaining theory as an orbifold. Before modding out by the orbifold group, we have

































where the coordinates X
i
transforms as a vector 8
V











respectively. The orbifold group Z
N
is a subgroup of planar
rotations, so we shall use the decomposition SO(8) ! SO(6)  SO(2), or equivalently
8




























Here the numbers in the parentheses are the U(1) charges. We have one boson X with









, and their complex conjugates. The index
m transforms in the 4 of SU(4). The one-loop vacuum amplitude for the superstring is





















The area here refers to the volume L
8
of the transverse dimensions and the rst factor
in the integrand comes from the six real boson that are neutral under the Z
N
rotations.
Before discussing the orbifold partition function Z(N), we should point out an important
subtlety for the superstring that has to do with the fact that fermions have half integer
spin. A rotation through 2 does not bring a spacetime fermion back to itself; which means
we really have to embed our Z
N
not into SO(2) but into a double cover of SO(2). As a
result, it will turn out that we must distinguish between even and odd N . Let us rst


















and their complex conjugates
















































and similarly in the 
2
direction. Altogether, we have four fermionic and one bosonic































































































This formula would look identical to (2.20) in terms of new variable N
0
= 2N , however,
N is chosen so that  = 2(1 
1
N
). It is straightforward to check for modular invariance.

















































It may seem a little disconcerting that there are more than one ways of constructing the
orbifold. After all, if we wish to use this construction for computing the entropy, we would
like to get a unique answer for each theory. Fortunately, there is a good explanation for this











. The orbifold with respect to this Z
2
changes the spectrum
drastically. In the untwisted sector the projection onto Z
2
invariant states removes all
fermions. The twisted sector adds more particles including a tachyon. Moreover, the
number of bosonic zero modes is the same in the twisted sectors because the bosonic
coordinates are neutral under this Z
2
. This means that the states in the twisted sector
move over all space and are not restricted to the tip of the cone. We should really regard
this theory as a dierent theory (vacuum). The orbifolds in (2.22) should then be regarded
as the orbifolds not of at space but of this dierent underlying theory. It is to be exptected
that the entropy of black holes would be dierent in these two cases because, after all, the
patricle spectrum of the two theories is completely dierent.
As an aside, we note that in all these orbifold models, supersymmetry is completely
broken. This is not surprising. In order to have an unbroken supersymmetry, we must
have a covariantly constant spinor on the cone, which means that the cone must have
SU(1) holonomy. But SU(1) holonomy is no holonomy at all, and only manifold with this
10
holonomy is the plane. As a result, there are no unbroken supersymmetries on a cone.
What is surprising, however, is that even though supersymmetry is completely broken, in
some cases drastically, the equivalence between the Green-Schwarz string and the Neveu-
































































































































#(z + a + bj ). With the use of this
identity we can write each term in the sum for Z(N) as the modulus-squared of sum of
four terms. These four terms correspond to the four spin structures on the left and the




orbifold above. With N = 1



































































Thus, in this case, we see the equivalence of the two formalisms simply by reinterpreting
the orbifold sum in the GS formalism as the sum over spin structures in the NSR formalism
with a modular invariant combination diagonal in spin structures. The corresponding NSR
string has been discussed in [22]. It has a very dierent projection than the usual GSO
projection and there are no fermions in the spectrum. Remarkably, the GS and the NSR
formalism are equivalent even after this rather extreme breaking of supersymmetry. This
points to a deep connection between the two formalisms that goes beyond supersymmetry.
The spectrum of the Z
N




tained. We shall use the light-cone gauge and describe only the low lying states as-

























generate a sixteen dimensional representation quite similar to the gauge supermultiplet
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respectively. The representations 4 and

4 are fermions and the remaining
states are bosons. We get a similar representation on the left and the low lying spectrum
is the tensor product of the two, keeping only the Z
N
invariant states. In addition, there
are more states that are obtained by acting with various powers of 
 
on these states. In
the NSR formalism the analysis is somewhat dierent. The eight worldsheet fermions  
i
transform as the vector of SO(8) exactly like the bosons . As a result, only two get twisted



















coming from the two





coming from the untwisted fermions. The ground state
gets projected out by the GSO projection. At the next level, we have one of the creation







and one state with energy
3
2
. All of these are spacetime bosons. As usual,
the spacetime fermions come from the Ramond sector. The ground state energy is zero in
the Ramond sector. The six untwisted fermions have zero modes that form the Cliord





4 gets projected out by the GSO projection and we are left with four fermions
with mass 0 in 4. The next excited state is obtained by acting on the vacuum with a
creation operator with energy  coming from the twisted fermions. The GSO projection
removes the 4 at this level and we obtain four fermions in

4 with energy . The bosonic
oscillators in the NSR string are the same as in the GS string, so the low lying spectrum
matches exactly with the one obtained from the GS formalism.
3. Black Hole Entropy in String Theory
Let us now see how the above construction is related to Euclidean gravity on a conical












For a Euclidean manifold M with metric g and a boundary @M with the induced metric



















x+ C + gauge xing terms : (3:2)
Here R is the scalar curvature, K the extrinsic curvature of the boundary and the constant
C is chosen so as to make the action vanish for at space. The functional integration is over





region. This boundary condition corresponds to the canonical ensemble at temperature
T = 
 1
where  is the periodicity of the circle S
1
at innity [24]. In general, there may be
conserved charges in the problem which we may wish to hold xed as external parameters.
In that case we have to consider the grand canonical ensemble. For example, in the case
of black holes the ADM mass of the black hole can be treated as an external parameter.
The ADM mass is a parameter that appears in the asymptotic behavior of the metric and







which is the area of the event horizon  [13]. If the
surface is parametrized by variables 
a















































We can obtain the leading contribution in the saddle point approximation. The sum over
metrics has a sharp maximum when  is real because all terms then add in phase. The






























(x  X()) : (3:4)
We recognize the term on the right as the stress tensor of a (Euclidean) string source at
the Euclidean horizon coming from the variation of the Nambu-Goto action A

. Without
this term we obtain the Euclidean Schwarzschild solution. For nonzero  , the saddle point
13
still exists but the solution has a curvature singularity at the origin of the (r; t) plane with
decit angle  = 8G. Correspondingly, the periodicity at innity is












that the action is still nite despite the singularity of the solution. The rst term in this
action is identical to the one used by Gibbons and Hawking [3] and the second term comes
from the delta function singularity of the Ricci scalar (3.4) . As a result, the partition






























) . This gives us the classical expression for the free energy
F (T;A) =  T logZ =M   ST (3:7)
where S and M are functions of A given by S =
A
4G




. We see that
dF =  SdT   TdA, thus T is the variable conjugate to the area. The corresponding
Legendre transform is G(T; ) = F + TA.
In order to obtain the quantum corrections to the entropy, we must calculate the












in string perturbation theory at G loop, the spacetime partition function Z
G
and the
worldsheet vacuum amplitude A
G




[28]. This gives us the











Substituting (2.17) into (3.8) we obtain the nal expression for the entropy in the bosonic













































(1) for each theory is the rst derivative of the orbifold partition function evaluated
at N = 1. It is quite satisfying that the entropy comes out proportional to the area. Before
making this assertion, we must clarify one point that we have so far glossed over. In the
orbifold sum (2.18) the term Z
0;0
is divergent. This is because the theta function vanishes
due to the contribution of the bosonic zero modes to the corresonding determinant. If we
treat the determinant carefully, the zero modes would turn the area in (2.17) into volume
for this particular term in the sum. Modular invariance would still hold because Z
0;0
does
not mix with other terms under modular transformations and is invariant by itself. More
importantly, it is independent of N and as we see from (3.9) , it does not contribute to
the entropy. Thus, the entropy will be proportional to the area and not volume.
In order to complete this computation we need an analytic expression for the sum
Z(N) so that we can take its derivative. Several comments are in order here. First, all
terms in the sum for the sum are analytic functions of N so we can expect that the sum
will also be analytic. Second, modular invariance of the vacuum amplitude holds only
for integer N . In fact, for non-integer N , the sum may not have any interpretation as a
partition function of some string theory. However, for our entropy computation we do not
really require that the theory be well dened for arbitrary N . All that is needed is that the
rst derivative of the vacuum amplitude at N = 1 be well-dened and modular invariant.
This certainly seems possible, especially if we think of the entropy as the counting of
states of given nite theory in at space as seen by the Rindler observer. Finally, even if
we do perform the sum, there is a high degree of non-uniquness because we can always add
to the sum any function that vanishes for integer N e.g. sin(N). We can x this non-
uniqueness if we know that the partition function does not have an essential singularity at
N =1. This requires some physical input about the theory for large (complex) N which



































is the theta function with half characteristics. The integration is over a torus
with modular parameter  which is parametrized with a at metric as a parallelogram
with corners at 0, 1,  and  +1. The integrand is doubly periodic over this region and is a
well dened function on the torus. This expression is clearly analytic in N and moreover is
modular invariant even for non-integerN . Encouragingly, Z(N) does not have an essential
singularity but only a second order pole at innite N . Another interesting feature of (3.11)
is that the integral is logarithmically divergent. The theta function has a zero at z = 0,
#
11
(zj )  2z
3












This expression is strikingly similar to the partition function in R
2
(N = 1) after properly
















N becomes large, the space is becoming smaller and one might think that the number of
states is also becoming smaller. However, more and more twisted states come down and
become almost massless as we take N to innity. These states combine to give a partition
function very similar to the partition function of the original theory. So in some sense we
still have as many states as we started with.
4. discussion
We have described the construction of string propagation on a cone. We have obtained
an expression for the entropy that is proportional to the area of the event horizon. In order
to complete this computation we need to perform the nite sum for Z(N) which is currently
under investigation [14]. The presence of tachyons in these models also deserves attention.
Tachyons signify a vacuum instability and it is very important to understand their role in
string theory. For example, it has long been thought that the bosonic string represents
a metastable point in the space of vacua and in the proper non-perturbative formulation
16
we would see the theory relax into one of the stable ground states. This proposition is of
course too dicult to test in at place because the usual tachyon moves over all space and
we do not even know any candidates for a nearby ground states. In our case, we have a
whole family of theories which can have a large number of tachyons localized to the tip
of the cone. If a tachyon condensate is formed it will most likely change the value of the
decit angle i.e.the value of N . For large N, some of the tachyons are nearly massless and
it may be possible to understand their condensation as a perturbation of the K
N
conformal
eld theory with a nearly marginal operator.
Finally, we would like to comment on the relation of this computation to the work
of Susskind and Uglum [5]. They argue that the quantum corrections to the black hole
entropy can be absorbed into the renormalization of Newton's constant. This argument is
based on the 
0
expansion of string theory. However, in general the exact answer and the 
0
expansion can be drastically dierent. For example, in the 
0
expansion, an orbifold does
not satisfy the equations of motion of the string because it is not Ricci at, even though
the exact theory is conformally invariant and a perfectly good solution of the equations of
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